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ESTIMATES IN THE KOLMOGOROV THEQOREM
ON CONSERVATION OF CONDITIONALLY PERIODIC MOTIONS'

A.I. NEISHTADT

A Hamiltonian system which differs from the integrable system by a small perturba-
tion is considered. According to the Kolmogorov theorem /1— 3/ the majority of in-
variant tori present in the unperturbed system do not decompose under a perturba-
tion, and few of them become deformed. The following estimates are cobtained below:
for the perturbation ¢ under the usual conditions of nondegeneracy, the measure of
the set of the decomposing tori and the deformation of the remaining tori are both
estimate from above by the quantities of the order of Ve, and these estimates can-
not be improved. The proof follows that /2,3/ of the Kolmogorov theorem with the
intermediate estimates obtained more accurately. Similar estimates were obtained
in the Moser theorem concerning the invariant curves of the mapping of a plane onto
itself in /4/, and for the mapping in the multidimensional case, in /5/.

The conservation of the majority of the invariant tori was proved in /3/ also for the
degenerate cases, including that of the permanent adiabatic invariance of the action variable
when the Hamiltonian function varies slowly. Below it will be shown that in this case the
measure of the disintegrating tori is estimate from above by a quantity of the order of

exp (— c/ey where £>0 determines the rate of change of the Hamiltonian function and ¢>0 is
a constant. The deformation of the remaining tori is estimate by a quantity of the order of
e in such a manner, that the action variable remains always in the &¢-neighborhood of its
initial value.

1. Formulation of the conditions and result. We shall consider a Hamiltonian
system with Hamiltonian function
H{, ¢ & =Ho)+ eH, (I, g, ¢) (1.1)

where [ and ¢ are n-dimensional vectors, ¢ is a small positive parameter and the function H,
is 2n -periodic in ¢. We assume that the function H, bounded region G and the positive con-
stants _p, 0, &, 9.0, 8,0, n, C, ¢, D satisfy the following conditions.

1°. when Rel <G, |Im I |< p,Re ge I |Ime | << 0,0 <e <&, the function # is analytic
and the inequalities |8*H /oI | < ®, |H, |<< C, |0H,/8] | <<c hold. When I and ¢ are xeal, H
is real. (Here T™ denotes the n-dimensional torus and |- | is the modulus of a complex
numberé norm of a vector, or a matrix).

2°. One of the following two conditions holds:

Condition of nondegeneracy. The mapping 4 defined by the formula @ = A4 (I} = dH./dl,
is a diffeomorphism of its domain of definition onto its image, and satisfies the inequalities

O1dl | << 1dA 1 << O |dl| (1.2)

Condition of isoenergetic nondegeneracy. The surfaces of the level H,= const are
nonsingular: @, < |dHy/8I | < ©,. Restricting the mapping 4, defined by the formula A4, (I)==
(8Ho! dI)/ | 3H,/dI | to every such surface, represents a diffeomorphism of its domain of defini-
tion onto its image. The estimates (1.2) hold for dI satisfying the relation (dH,/ 48l)dl =
0. when I &= G, then the inequality | H,|<{n holds.

3°. The inequality mes (G\G — 8) << D8, where (G — 8) is a set of points whose closed §
-neighborhoods belong to G, holds for any 8 >0. In what follows, all positive quantities
depending only on the constants n,p, 0, &,%, 0,0, 8,,1,C, ¢, D introduced above, shall be called
constant and denoted by C;, ¢; and a; . The appearance of (; in the text in some relationship
is equivalent to the assertion that a constant C; satisfying this relation exists (the same
applies to the remaining constants).
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The Kolmogorov theorem on conservation of periodic motions 767

Theorem 1. For any e and % satisfying the conditions C, Ve <% < Cs™%, the set F =G X
T" can be written in the form of union of two sets, F, and F,/, with the following proper-
ties.

1°. mes F/ < C, Ve

2°. The set F, is a union of n-dimensiocnal tori Ty of the system with the Hamiltonian
(l.1). The variable ¢ ordering the tori is an n-dimensional vector assuming the values from
some subset of G. The torus T is defined by the following parametric equations:

=E+/0©, 9=Q+ g @ Q=T

The functions f; and g are analytic on Q and satisfy the inequalities |[fi|<< Ceeln, gt 1<
Celn2.

3°. The motion on the torus T¢ is conditionally periodic and defined by the formula @' =
wp, and the frequency vector o satisfies the inequalities |(op, k) | >% |k |™ for all enum-
erable vectors k= 0. The theorem is proved in Sect.2.

Setting in the theorem 1 x = CII/E, we obtain the following result.

Corollary 1. when 0<e< (¢!, we can write the set F in the form F = U |J U’ where
mes U'<<Cy ]/E and the set U is the union of the n-dimensional invariant tori 7, along every
one of which |I —§ | < C,V e for some te R

Thus the measure of the set of tori decomposing under a perturbation is of the order
0 (]/E). Every invariant torus belonging to the set U differs from a certain invariant torus
of the unperturbed problem I = E = const by a deformation of the order O (V—a). The tori belong-
ing to U deform differently. According to Theorem 1 the measure of the set consisting of the
invariant tori deformed by more than e/x is O (x). Examples of a pendulum in a weak gravity
field (H = Y3 I* — & cos ¢) show that the above estimates cannot be improved.

Note. BRnalogous estimates were obtained in /5/ for the symplectic, sufficiently smooth
mapping close to integrable. Using the results of /5/, we can reduce the Hamiltonian system
to a symplectic mapping and thus obtain the estimates of the corollary 1 for the case of iso-
energetic nondegeneracy (for n =2 the estimates can be obtained using the results of /4/).
Moreover, the results imply that the invariant tori of the perturbed system can be included in
the smooth family of tori.

Let us now consider the case of two degrees of freedom, assuming that the condition of
isoenergetic nondegeneracy holds. In this case the two-dimensional invariant tori divide the
three-dimensional energy level H = const, and the conservation of the majority of tori implies
that the values of the variables [ along the motion will always remain close to their initial
values /2/, whatever they are. Theorem 1l implies that in this case the sizes of the gaps be-
tween the tori and the deformation of each torus are of the order O ()e), and this leads us
to the following assertion.

Corollary 2. Let a system with two degrees of freedom be isoenergetically nondegener-
ated and let the conditions of Theorem 1 hold. Then the inequality

(1@ —1I, |<C11VE’ —oo < < ©
holds along the motion for 0 <& << Cy"! and all initial data (Ig, @o) € (G — CoV &) X T2

Example 1. /3/. We consider a plane, circular, bounded three-body problem. Let the
sun be of mass 1, and Jupiter of mass e¢. In accordance with Corollary 2 the oscillations of
the semiaxis and the excentricity of the asteroid are of the order 0 (V&) (provided that the
unperturbed orbit of the asteroid does not intersect the orbit of Jupiter).

Example 2. /2/. We consider the rotation of a heavy rigid body about a fixed point.
Let ¢ be the ratio of the difference between the largest and the smallest value of the poten-
tial energy of the body to its kinetic energy at the initial instant.® Then, during the whole
motion, the relative oscillations in the value of the kinetic moment vector modulus and the
oscillations in the value of the angle between this vector and the vertical will be of the
order 0O (Ye (with the initial data at a distance from the separatrices of the Euler —Poinsot
problem ).

2. Proof of Theorem l. The proof is carried out, for definiteness, under the assump-
tion that the condition of nondegeneracy given in Sect.l, holds. The construction follows, on
the whole, that given in /2,3/, with the intermediate estimates changed. It is assumed that
the norm |. | is given by the formula |X |=max;;|z;;| with X = (z;;)-
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2.1. Auxilliary assertions. Lemma 1. The following sequences appear in the con-
ditions of Theorem 1 when 0 <Ce<Cégy %> 01V8 the sequence of positive numbers f,, y,, M,, N,,
the sequence of imbedded regions V® in the space I, and W® in the space (I,¢) , the sequ-
ence of canonical diffeomorphisms B® mapping W® onto W®Y , the sequence of determined

and analitical functions H® = H$ (I) -+ ’) (I, ¢) when (I, ) = W(“) and the sequence of diffeocmo-
rphism A(') mapping J®) onto the space of frequencles(o These sequences have the following proper-
ties: 1° The numerical sequences are constructed as follows:
e 2"M2_ oM M _
7= 270400, My = Ce, Ms:ﬁv’""Tsﬂl) In zx:_l s> 1, Ns=vi i R A
8 8
o .
2°. The regions V@ and W® are constructed as follows:

VO ={I:Rel =G, |ImI|< p}, WO={l,p:I=V?, |[Img |< o}

OH (8~1)

={I:IEV("”, l(k, )I}x]k["‘ ke, 1\<\“Ql<”,}, VO =7® __p,

WO ={l,p: I1&V", |Im<p|<c—‘z Vi s>1
=1

3°. The canonical analytic diffeomorphism B®): (I®, ¢®) — (IC-D, -1} maps W® onto WD

so that the following inequalities hold:

10— 10 < 2 <

|9 — g < et <

[ar*®) <(1+ ?,,m)ldI‘”I + ot |dg|
|dge-n| < uﬁf o]+ (1+ —T—)l dg9|

For the case s =1 the second inequality can be sharpened

lq,(l)_._(p(o)|<..§3(.W

The diffeomorphism B® transforms real points into real points.

4°. The Hamiltonian H® is given by the formulas

HO (I, 0y = H (I, 9), H (I, ¢) = H (BVB®0 . .oB® (I, ¢)), s>1

and satisfies the inequality |H,® |<< M,.

5°. The mapping A® given by the formula

A® (I) = 6H (I)/ol
is a diffeomorphism of V® onto A® (V) and satisfies the inequalities
y, 8 |dl | < | dA® | < 20 |dI |

The sequences of direct A® and inverse A®™ mapping satisfy the inequalities

A (V@) C ACD (PO —-17,88,, |A(“)—A<S"1)|<%-, IA(s)—x_A<s—1)—,I<_1:_AI_B._1_

The proof of Lemma 1 follows directly from Lemmas 2 and 3 given below.

Lemma 2. Let the region V C C" the function ® (I, ¢) = @ () + @, (I, ) and the number M

have the following properties.
1. Function ® is analytic in the region

W={[,eg:IV,|Img|< o}, Yoo <0
and satisfies the estimate |®,|<< M. The function @, and ®; are real in ReW.
2°. The mapping 4 given by the formula
A Iy = 0D, (I)/al

is a diffeomorphism of V onto A (V) and satisfies the inequalities
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Y dl | << |dA | <28 [ dl |

Then for any positive numbers %,s, 8,7, N connected by the conditions

c,M (2.1)

M — M ~ — -
W<07‘, F<Csl: p=2"0"xN", N——Il
the following relations hold.
1) We define the regions V,V’ and W’'by the relations

V=AI&V,|k o0/0) | >nl|kl™" ke 2" 1 k| <N}
V=V—p W={eplcV, |[In¢|< o —7}

A canonical analytic diffeomorphism B:J, $— I, ¢ exists, mapping W’ onto Wand satisfying the
inequalities

M M

|J_‘[l/ 042n+1 —g—" Itp_‘p|< :évzn <__2'V__ (2.2)
M M

larl <1+ ;’;m)ldJIJr e |29

M
ldoi <~ 47+ 1+ w,)ldw
If we also put |o®/8l|<< M, then

ceM
lw q)l< 103(7I+1)

The diffeomorphism B transforms real points into real points.
2) We write the function @' (I, ¢9) = ® (B (I, ¢)) in the form

O, ) =Dy () + 0/, 9)
2 2n

O (=0 + 2oy § ... @1l 9)dg, @y =0 — @y
0 0

The following inequality holds:

w2 | oM

[0 < Ty In v (2.3)
3) The mapping A’ @efined by the formula
A’ (Iy = oD’ (I)/0I
is a diffeomorphism of V' onto A'(V’) and satisfies the inequalities
r 17 ’ M =] - !
A CAF) -0, |4 —A|<T, 147 =A<, | —dd|< B ar|
Proof. <Consider the Fourier series for the function ®,
O =D (D + Py (L®+ Ry (L, @), Pyv= 3 frDexp(i(hg), Ry= >y () exp (i (k. @)
1<lisN k>N
and the canonical change of variables I, ¢ —J,¥ defines by the formulas
G (J, ¢) 3G (J, ) . ify (I)exp (i (k, ) (2.4)
T=V+—a > ¥=ot—g o= R
ISIKISN

where the number N remains, for the time being, arbitrary. Following /3/, we prove the follow-
ing assertion. Let the positive numbers x,$,y satisfy the first inequality of (2.1). Then
the formulas (2.4) determine for (J,¢%) = W' the canonical analytic diffeomorphism B:W =W
satisfying the inequalities (2.2).

Let us perform a change of variables in the Hamiltonian system in question according to
the formulas (2.4). The change in the new variables will be described by the Hamiltonian

oD, ad, aC

?,f; +m1(1,q;)}+ [¢0(1+-'§,%)—®,,(J)_ 57 3—¢J+[®1(J+%,w>—®1(f,w):! (2.5)

® 9 =00 + [ 5
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(in the right-hand part of (2.5) ¢ must be expressed in terms of ¥ according to (2.4)). By
virtue of the definition of ¢ (2.4) the term in the first square brackets in equal to @, (J) -
Ry (J, 9). Let us write

By ()= Qo (J) + B; V), @ (J,9) = O (J,9) — ' ()

Estimating the right-hand side of (2.5) we obtain, as in /3/,

B¢, 2n2M?2 2cnM? oM
O’
1< w2y -+ *pyP™T + "

oM wN

(here we utilize the Cauchy estimate for a®,/0J and the estimate for the last term of the
Fourier series given in /3/).

Choosing ¢ = 8,2 N,p according to (2.1), we obtain the inequality (2.3). The definition
of A4’ and the Cauchy inequality yield, for 1eV’,

|4 () — A" (D) | = | 60 /0 | < MB
JdA — dA’ | = | (62°®,/01%) dI | << 2nMB-2 dI |

The remaining inequalities of Lemma 2 follow from the "Lemma on the frequency variation" /3/.

Lemma 3. Let us consider the sequence M, of Lemma 1. When % > Zc,,]/;z, the following
inequality holds:

el r= (3

Proof. We define the number ¢, >0 by the condition that the inequality {lnz |t < 22
holds for 0<z<a™. We shall show that a,>0 can be chosen such, that when x> Ve, the
inequality

gMn? < ay? (2.6)

holds. When x> (a,Ce)/:, the inequality (2.6) holds for i=0. Let us assume that it also
holds for 0<<i<s—1. Using the definition of M; and +v; we obtain, for 1< i<s,

o SEML (e oM
i< et \GMy ) T %
and this yields.
N A e A e P A SR E T,
M <= * = EA < A0 o <aesMo| =23 v r=\3
Since M, = Ce, we have
aE\"t oM 2e\"
Ms<0m€<%) , _'.Kus <“s(’#) (2.7)

It is now clear that for a sufficiently large o, and x> a,Ve the inequality (2.6) holds also
for i=s. By induction we now find that for x%>a}e the inequalities (2.6) and (2.7) hold
for all i,s and the inequality of Lemma 3 follows from (2.7}.

2.2. Derivation of Theorem 1 from Lemmas 1 and 3. rLet

GVES*<C, Cy=max (c1, 2¢,), Cs==max (2077, Cile'")
We consider the objects B,, Vs, M, N,, V), WO, B® HE A® defined in Lemma 1, and put

Ve ﬁ o e — ﬁ w®
i=0 i=0
Following /3/ we show that the sequence of canonical diffeomorphisms S® = BWoB®o,, o B®
converges uniformly on the set W(*) to some continuous 1l:1 mapping S, the sequence of the
Hamiltonians H® (I, ¢) converges to the Hamiltonian H™)(I) independent of the phase ¢, and
the sequence of diffeomorphisms A® converges on V¢ to a continuous 1:1 mapping A®). We
can show, as in /3/, that mes (F \ W< Cgu. Let us write F, = Re §®™ (W), F,/ =F\ F,.
Since all S% preserve the measure, we have

mes F, = mes S (W) = mes SOWD) — mes n W — mes W™
mes F,,’, = mes F \_ F, = mes F \ W< Cyx



The Kolmogorov theorem on conservation of periodic motions 771

(we take the measure of the real component of a set as the measure of this set).

Further, following /3/ we show that the initial Hamiltonian H determines, in the vari-
ables ,Q defined by the change of variables (I, ¢) = S$®) (§, Q) themotion § = const, Q" = A (k)
on F, . This means that the set F, consists of the n-dimensional tori of the system with
Hamiltonian (l.l). Every such torus can be specified either by the value of E & Re V™), or of
o =A@ E s A=V, |k o)l >x k™ k|5 0, ks Z" Finally, from Lemmas 1 and 3 it fol-
lows that the change (I, ¢) = 8 (§,Q), is analytic in Q and satisfies the inequalities

[I—E<Citr [0—QI< Cotr
Q.E.D.

3. System with two degrees of freedom in the case of self-degeneracy.
Consider a Hamiltonian system with the following Hamiltonian function:

H(I,¢,8) = Hy(I,) + eHy,(Iy + eH, (I, 9) + e2H(l, 9, €) (3.1)

an
I=(Io, 1)), 9=(90®), § Hudgy=0
0

where & is a small positive parameter and the function His (2n)-periodic in @yand ¢,. As
we know /3/, in the general case of a system with two degrees of freedom degenerated once,

the Hamiltonian is reduced to the form (3.1). We assume that the function H, the positive
constants p, g, g, %, 0, 8,C, ¢, ay, by, 8,, by and the rectangular region G = (ay, by) X (a,, b)) are such,
that when Rele @G, |[ImI{<p, Regoe&T% |Im¢|<o, 0<e< e, the function H is analytic
and the following inequalities hold:

|Hy | + |Hy | < C, | 0Hy Jol |< e

2H, &H,, OH, | < oH,, 0y,
| alE +| | <O oI, |~ b, oL, > 9, al2 >t
when I and ¢ are real, H is real.
Theorem 2. Positive constants (,, C,, ..., C; exists such that when 0 < e < C;7}, the set

F = (G — Cye) X T? can be represented as a union of two sets(F.and F¢') with the following proper-
ties: o

1. mes F'<< C3 exp (— CVe).

2°. The set F, is a union of two~dimensional invariant tori Ty of the system with the
Hamiltonian (3.1). The variable { enumerating the tori is a two-dimensional vector assuming
the values from some subset of G. The torus T is given in the parametric form by the equa-

tion
I=8+/0Q),9=0+g(@Q, 01
The functions f; and g are analytic in @ and satisfy the inequalities
[ 1 << Cee, |l ge | < Cot
o

37. The formula @' = w; gives the motion on the torus’ T¢ , and the frequency vector
0 = (0, ew;) satisfies the inequalities | (g, k) | > (exp (— C,Ye)) |k |® for all enumerable
vectors k==0.

4°. The following inequality holds along the motion for any initial values (I (0), ¢ (0)) &
F .
1T @) —T(0)|<Creg, — o< t<T o

The equation of motion which can reduced to a system with the Hamiltonian (3.1), appear
in the problems of permanent adiabatic invariance of the action variables, in the vibrational
system with one degree of freedom where the Hamiltonian undergoes a slow periodic variation,
and in the vibrational system with two degrees of freedom when the Hamiltonian function de-
pends smoothly on one of the coordinates /3/. Theorem 2 implies that in the above problems,
under the normal assumption concerning the nondegeneracy /3/, only a part of the phase space
of the order O (exp (— c/e)), ¢ = const may remain unfilled by the invariant tori. The variation
of the action variables is bounded by a quantity of the order of e, where & characterizes the
smoothness with which the Hamiltonian depends on time or on a specified coordinate.

Example 3 /3/. Ve consider the motion of a charged particle in an axially symmetric
magnetic trap. Let the ratio of the initial radius of the Larmor spiral of the particle to
the characteristic dimension of the trap be equal to e, and the ratio of this radius to the
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initial pitch of the spiral be of the order of unity. Then, during the whole motion, the
relative oscillations of the magnetic moment of the particle are bounded by a quantity of the
order &, The position of the magnetic mirror may differ from that computed according to the

adiabatic theory only by a quantity of the order of the Larmor radius.

We shall now describe a scheme for proving Theorem 2. The system (3.1) contains one
rapid variable, namely the angle @o. The classical perturbation theory allows us to use an
almost identical canonical change of variables in order to eliminate the dependence of the
Hamiltonian on Qo, in any finite order of e. More accurate estimates show /6/ that the de-
pendence & can be transferred to the exponentially small terms. An analytic canonical vari-
able change (I, ¢) —> (J,V¥) reduces the Hamiltonian to the form

H=H,(J,) + eH, (J) + 2Dy (J, ¥, &) + D3 (J, §, &) (3.2)

H =T 1+ 1eg—p1=0(), J = (Jo, J1), b= (b, $1)
@, = O (exp (— ¢, /e)), ¢; = const, ¢, > 0

The system with the Hamiltonian H; + eH,, + &*®@, can be integrated with help of the canonical
variable change (J,%)— (J',v’), and

(J=d 1+ 1o = 1=0@)), J =" )Y =0 %), =J, (3.3)
Carrying out this change in (3.2), we reduce the Hamiltonian to the form
H=Hy(J)) + eV (J', &) + ¥, (J', ¢/, ¢) (3.9)

¥, = 0 (exp (— ci”V/e))

Let us now consider the Hamiltonian (3.4) as a perturbation of the Hamiltonian H, (J'y) +
8V, (J',e). Formally, the condition of Theorem 1 are not fulfilled in this case since the princ-
ipal part of the Hamiltonian depends on &, but the statement of the theorem itself remains
valid and can be proved as in Sect.2. It follows therefore that the phase space of the system
(3.4) with the exception of an exponentially small measure, is filled with the invariant tori
differing exponentially little from the tori J’' = const. Combining this argument with the in-
equalities (3.2) and (3.3), we arrive at the proof of Theorem 2.

The author thanks V.I. Arnol'd for the assessment of this paper.
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